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[10] - [8, 9] Hermite
1.1 ([10], [8], [9]). $L_{1}$ $L_{2}$ Hermite $M_{\mathbb{C}}$
$L_{1}$ $L_{2}$ $L_{1}\cap L_{2}$ $L_{1}$
$L_{2}$ $L_{1}$ $L_{2}$ $L_{1}\cap L_{2}$
$L_{1}$ $L_{2}$






$M_{\mathbb{C}}$ $k_{0}\geq 2$ $k\geq k_{0}$ $k$
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$\mathfrak{g}$ Cartan $\mathfrak{g}$ Killing
$\mathfrak{g}$ $\{,$ $\}$ $\langle,$ $\rangle$
$\mathfrak{p}$
$\mathfrak{p}$ Euclid $\mathfrak{g}$ Lie
Lie $G$ $G$
Lie $\mathfrak{k}$ $G$ ’ $K$ $K$
$(G, K)$ $G$ Ad $K$ $\mathfrak{p}$





$u$ $\mathfrak{g}$ $\mathfrak{g}^{\mathbb{C}}$ $G$ $G^{\mathbb{C}}$
$G=$ Int $(\mathfrak{g})$ $G$ $G^{\mathbb{C}}=$ Int $(\mathfrak{g}^{\mathbb{C}})$







$(U\cross U, U^{*})$ Riemann $U$
Riemann
Ad$(K)$ $M:=$ Ad$(K)H$ $M=\sqrt{-1}M’$
$M$ $K\subset U$ $M_{\mathbb{C}}=$ Ad$(U)H$
$G$ $G^{\mathbb{C}}$
$\mathfrak{g}$ Cartan $\mathfrak{g}=\mathfrak{k}+\mathfrak{p}$ $\mathfrak{g}$





$\mathfrak{h}^{\mathbb{C}}$ $\mathfrak{g}^{\mathbb{C}}$ Cartan $\mathfrak{h}^{\mathbb{C}}$
$(\mathfrak{h}^{\mathbb{C}})^{*}$ $\alpha$

























$\mathfrak{g}$ Lie $\mathfrak{h}_{\mathfrak{p}}$ , no $G$ $A_{\mathfrak{p}},$ $N$







$\mathfrak{g}^{\mathbb{C}}$ Lie $\mathfrak{g}^{\mathbb{C}}$ Lie
$\mathfrak{g}^{\mathbb{C}}=u+\sqrt{-1}\mathfrak{a}+n_{+}$
$\mathfrak{g}^{\mathbb{C}}$ Lie $\sqrt{-1}\mathfrak{a}$ , $G^{\mathbb{C}}$
$A^{*},$ $N_{+}$
$U\cross A^{*}\cross N_{+}arrow G^{\mathbb{C}}$ ; $(u, a, n)\mapsto uan$
$G^{\mathbb{C}}=UA^{*}N_{+}$
$G$ $M=$ Ad$(K)H$









$\mathfrak{g}^{\mathbb{C}}$ Lie $U_{H}A^{*}N+$ $G^{\mathbb{C}}$















$\alpha^{\sigma}(T):=\overline{\alpha(\sigma T)} (T\in \mathfrak{h}^{\mathbb{C}})$
$\alpha^{\sigma}\in\Delta$
$\sigma \mathfrak{g}^{\alpha}=\mathfrak{g}^{\alpha^{\sigma}}$
$\alpha\in P_{+}$ $\alpha^{\sigma}\in P_{+}$ ([3], Ch.VI Lemma
3.3),
$\alpha^{\sigma}(H)=\overline{\alpha(\sigma H)}=\overline{\alpha(-H)}=-\overline{\alpha(H)}.$
$\sigma$ $\{\alpha\in\triangle^{+}|\alpha(H)\neq 0\}$ $\{\alpha\in\triangle|\alpha(H)=0\}$





$\sigma$ : $G^{\mathbb{C}}arrow G^{\mathbb{C}}$










$\triangle_{i}$ $\alpha_{i,j}(1\leq j\leq p_{i})$
$\alpha_{i,j}(H)\geq 0$
$\{\alpha_{i,j}|1\leq i\leq r, 1\leq j\leq p_{i}\}$
$\triangle$
$\triangle_{i}$ $\delta_{i}$
$\delta_{i}=\sum_{j=1}^{p_{i}}m_{i,j}\alpha_{i,j}$ ( $m_{i,j}$ )
$\{\alpha_{i,j}|1\leq i\leq r, q_{i}+1\leq j\leq p_{i}\}$
$\{\alpha\in\triangle|\alpha(H)=0\}$
$k_{0}:= \max_{1\leq i\leq r}\{1+\sum_{j=1}^{q_{i}}m_{i,j}\}$
$\{\alpha_{i,j}|1\leq i\leq r, 1\leq j\leq p_{i}\}$






$u_{k} := \exp\frac{2\pi}{k}Z\in\exp \mathfrak{a}\subset U_{H}\subset U$
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$\tau_{k}:Uarrow U;u\mapsto u_{k}uu_{k}^{-1}$
$U$ $\tau_{k}$ $u_{k}\in U_{H}$ $\tau_{k}(U_{H})=U_{H}$
$\tau_{k}$
: $M_{\mathbb{C}}arrow M_{\mathbb{C}}$ ; $Ad(u)H\mapsto Ad(\tau_{k}(u))H$ (3.1)
$u_{k}$
$(\tilde{\tau}_{k})^{k}=1$ $k\geq k_{0}$ $H$
$H$ $k$
$M_{\mathbb{C}}$ $k$
(3.1) $u$ Ad $(u_{k})$
Ad$(U)H$ $u$ Ad $(u_{k})$
$+1$ $u_{k}$ $u_{H}$ $Ad(u_{k})$ $+1$
$\alpha\in\triangle$ $\alpha(H)\neq 0$ $\alpha(H)\neq 0$
$\alpha\in\triangle$
$Ad(u_{k})X=e^{\frac{2\pi}{k}\alpha(Z)}X (X\in \mathfrak{g}^{\alpha})$
$1\leq i\leq r$ $\alpha\in\Delta_{i}$
$\alpha=\sum_{j=1}^{p_{i}}n_{j}\alpha_{i,j}, n_{j}\in \mathbb{Z}, 0\leq|n_{j}|\leq m_{i,j}$
$\alpha(H)\neq 0$ $n_{1},$ $\ldots,n_{q_{i}}$ $0$
$\alpha>0$ $i$ $n_{j}\geq 0$ $\alpha<0$ $j$
$n_{j}\leq 0$
$1 \leq|\alpha(Z)|=|\sum_{j=1}^{q_{i}}n_{j}|=\sum_{j=1}^{q_{i}}|n_{j}|\leq\sum_{j=1}^{q_{i}}m_{i,j}<1+\sum_{j=1}^{q_{i}}m_{i,j}\leq k_{0}$
$1\leq|\alpha(Z)|<k_{0}$ $Ad(u_{k})$ $+1$ $u_{H}$
$M_{\mathbb{C}}$ $F(\tilde{\tau}_{k}, M_{\mathbb{C}})$ $M_{\mathbb{C}}\cap u_{H}$ $k\geq k_{0}$
$H\in M_{\mathbb{C}}$ $s_{H}:=\tilde{\tau}_{k}$
$y\in M_{\mathbb{C}}$ $s_{H}(y)=y$ $[H, y]=0$
$x\in M_{\mathbb{C}}$ $s_{x}$ $y\in M_{\mathbb{C}}$ $s_{x}(y)=y$
$[x, y]=0$
3.1 ([4]). $x\in M_{\mathbb{C}}$ $s_{x}$
$F(s_{x}, M_{\mathbb{C}})=\{y\in M_{\mathbb{C}}|[x, y]=0\}$
$F(s_{x}, M_{\mathbb{C}})$ $k\geq k_{0}$
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$M_{\mathbb{C}}$ $A$ $x,$ $y\in A$ $\mathcal{S}_{x}(y)=y$
$A$ $M_{\mathbb{C}}$ $k$-number $\# kM_{\mathbb{C}}$
$k\geq k_{0}$ 3.1 $M_{\mathbb{C}}$
$A$
$\mathfrak{g}$ $u$
$t$ $A\subset M_{\mathbb{C}}\cap t$
3.2 ([4]). $M_{\mathbb{C}}$ $u$ $t$
$M_{\mathbb{C}}\cap t$ $\iota\iota$ $t$ Weyl $M_{\mathbb{C}}$
$U$
$M=$ Ad$(K)H$ $M_{\mathbb{C}}=$ Ad$(U)H$
$M$ $A$ $M_{\mathbb{C}}$
$A$ $M$ $M$ [6]
index number $\#_{I}(M)$ S\’anchez [5, 6] Berndt-Console-Fino
[1] $M_{\mathbb{C}}$ $M$
3.3([5], [6], [1]).
$\#_{k}(M_{\mathbb{C}})=\dim H^{*}(M_{\mathbb{C}}, \mathbb{Z}_{2})$ ,





$\mathbb{K}=\mathbb{R},\mathbb{C}$ nl, $\cdots$ , $n_{r},n$
$n_{1}+\cdots+n_{r}<n$
$F_{n_{1},\ldots,n_{r}}(\mathbb{K}^{n})$





















$X_{1},$ $\ldots$ , $X_{r+1}$ $n_{1}x_{1}+\cdots n_{r+1}x_{r+1}=0$
$H:=$ diag$(x_{1}\sqrt{-1}1_{n_{1}}, \ldots, x_{r+1}\sqrt{-1}1_{n_{r+1}})\in \mathfrak{s}u(n)$
$\{g\in SU(n)| Ad(g)H=H\}=S(U(n_{1})\cross\cdots\cross U(n_{r+1}))$
$F_{n_{1},\ldots,n_{r}}( \mathbb{C}^{n})\cong\frac{SU(.n)}{S(U(n_{1})\cross\cdot\cdot\cross U(n_{r+1}))}\cong Ad(SU(n))H$
$F_{n_{1},\ldots,n_{r}}(\mathbb{C}^{n})$ $F_{n_{1,)}n_{r}}(\mathbb{R}^{n})$
$SO$ $(n)$
$F_{n_{1},\ldots,n_{r}}( \mathbb{R}^{n})\cong\frac{SO(n)}{S(O(n_{1})x..*\cross O(n_{r+1}))}\cong Ad$( $SO$ $(n)$ ) $H$
Ad( $SO$ $(n)$ ) $H$ $(SU(n), SO(n))$
$F_{n_{1},\ldots,n_{r}}(\mathbb{R}^{n})\subset F_{n_{1},\ldots,n_{r}}(\mathbb{C}^{n})$
4.1. $u\in U(n)$ $z_{i}\in U(1)(1\leq i\leq n)$ $\mathbb{R}^{n}$
$v_{1},$ $\ldots,$
$v_{n}$ $w_{1},$ $\ldots,$ $w_{n}$
$uw_{i}=z_{i}v_{i} (1\leq i\leq n) , \det u=z_{1}\cdots z_{n}$
$u[w_{1}, \ldots, w_{n}]=[v_{1}, \ldots, v_{n}]\{\begin{array}{lll}z_{1} O \ddots O z_{n}\end{array}\}$
$z_{i}=$ $z_{j}$ $i\sim j$ $\{1, \ldots, n\}$
$\{1, \ldots, n\}=N_{1}\cup\cdots\cup N_{S}$
$uw=zv$
$\mathbb{R}^{n}$ $v,$ $w$ $z\in \mathbb{C}$ $1\leq a\leq s$




$u\in U(n)$ $z_{i}\in U(1)(1\leq$














$v,$ $w$ $z\in \mathbb{C}$
$zv=uw$




$v_{n}$ $w_{1},$ $\ldots,$ $w_{n}$ $v,$ $w$






$a_{i}z=b_{i}z_{i} (1\leq i\leq n)$
$v\neq 0$ $a_{i0}\neq 0$
$z= \frac{b_{i_{0}}}{a_{i_{0}}}z_{i_{0}}$
$z,$ $z_{i_{0}}\in U(1)$ $b_{i_{0}}/a_{i_{0}}\in \mathbb{R}$ $z=\pm z_{i_{0}}$
$i_{0}\in N_{a}$ $1\leq a\leq s$
$z=\pm z_{i} (i\in N_{a})$
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$i\in\{1,2, \ldots, n\}\backslash N_{a}$ $z_{i}\neq$ $z_{i_{0}}$ $\pm a_{i}z_{i_{0}}=a_{i}z=b_{i}z_{i}$
$a_{i}=b_{i}=0$
$v= \sum_{i=1}^{n}a_{i}v_{i}=\sum_{i\in N_{a}}a_{i}v_{i}, w=\sum_{i=1}^{n}b_{i}w_{i}=\sum_{i\in N_{a}}b_{i}w_{i}$
$v \in\bigoplus_{i\in N_{a}}\langle v_{i}\rangle_{\mathbb{R}}, w\in\bigoplus_{i\in N_{a}}\langle w_{i}\rangle_{\mathbb{R}}$
4. 1 Grassmann Grassmann
4.2. $u\in U(n)$ 4.1
$uw_{i}=z_{i}v_{i} (1\leq i\leq n)$
$z_{i}\in U(1)(1\leq i\leq n)$ $\mathbb{R}^{n}$ $v_{1},$ $\ldots,$ $v_{n}$
$w_{1},$ $\ldots,$
$w$ $z_{i}=$ $z_{j}$ $i\sim i$
$\{$ 1, $\ldots,$ $n\}$
$\{1, \ldots, n\}=N_{1}\cup\cdots\cup N_{s}$
$F_{k}(\mathbb{C}^{n})$
$F_{k}(\mathbb{R}^{n})\cap F_{k}(u\mathbb{R}^{n})=$
$\bigcup_{k_{1}+\cdots+k_{8}=k,0\leq k_{a}\leq\# N_{a}(1\leq a\leq s)}F_{k_{1}}(\bigoplus_{i_{1}\in N_{1}}\langle v_{i_{1}}\rangle_{\mathbb{R}})\cross\cdots\cross F_{k_{s}}(\bigoplus_{i_{s}\in N_{s}}\langle v_{i_{s}}\rangle_{\mathbb{R}})$
$F_{k_{1}}(V_{1})\cross\cdots\cross F_{k_{s}}(V_{s})=\{x_{1}\oplus\cdots\oplus x_{s}|x_{i}\in F_{k_{i}}(V)(1\leq i\leq s)\}\subset F_{k}(\mathbb{C}^{n})$
$F_{k}(\mathbb{R}^{n})$ $F_{k}(u\mathbb{R}^{n})$
$i\neq j \Rightarrow z_{i}\neq\pm z_{j}$




$\bigcup_{k_{1}+\cdot\cdot+k_{s}=k,0\leq k_{a}\leq\# N_{a}(1\leq a\leq s)}F_{k_{1}}(\bigoplus_{1\in N_{1}}\langle v_{i_{1}}\rangle_{\mathbb{R}})\cross\cdots\cross F_{k_{s}}(_{S}\bigoplus_{\in N_{s}}\langle v_{i_{s}}\rangle_{\mathbb{R}})$
$(\mathbb{R}^{n})$ $F_{k}(u\mathbb{R}^{n})$
$a\in\{1, \ldots, \mathcal{S}\}$ $N_{a}=\{j_{1}, \ldots,j\neq N_{a}\}$
$F_{k_{a}}( \bigoplus_{i_{a}\in N_{a}}\langle v_{i_{a}}\rangle_{\mathbb{R}})$ $\# N_{a}\cross k_{a}$ $A\in M_{\# N_{a},k_{a}}(\mathbb{R})$
$\langle[v_{j_{1}}, \ldots, v_{j_{\# N_{a}}}]A\rangle_{\mathbb{C}}$
$\langle[v_{j_{1}}, \ldots, v_{j_{\# N_{a}}}]A\rangle_{\mathbb{C}}=\langle z_{j_{1}}[v_{j_{1}}, \ldots, v_{j_{\# N_{a}}}]A\rangle_{\mathbb{C}}$
$=\langle[z_{j_{1}}v_{j_{1}}, \pm z_{j_{2}}v_{j_{2}}, \ldots, \pm z_{j}\# N_{a}v_{j}\# N_{a}]A\rangle_{\mathbb{C}}$
$=\langle[uw_{j_{1}}, \pm uw_{j_{2}}, \ldots, \pm uw_{j_{\# N_{a}}}]A\rangle_{\mathbb{C}}$
$=\langle u[w_{j_{1}}, \pm w_{j_{2}}, \ldots, \pm w_{j}$ $N_{a}]A\rangle_{\mathbb{C}}$
$A$ $k$ $\# N_{a}\cross k$
$F_{k_{a}}(u(_{a} \bigoplus_{\in N_{a}}\langle w_{i_{a}}\rangle_{\mathbb{R}}))$
$F_{k_{a}}( \bigoplus_{i_{a}\in N_{a}}\langle v_{i_{a}}\rangle_{\mathbb{R}})=F_{k_{a}}(u(\bigoplus_{i_{a}\in N_{a}}\langle w_{i_{a}}\rangle_{\mathbb{R}}))$
$0 \leq k_{a}\leq\# N_{a}(1\leq a\leq s)\bigcup_{k_{1}+\cdot\cdot+k_{S}=k}F_{k_{1}}(\bigoplus_{i_{1}\in N_{1}}\langle v_{i_{1}}\rangle_{\mathbb{R}})\cross\cdots\cross F_{k_{8}}(_{s}\bigoplus_{\in N_{s}}\langle v_{i_{s}}\rangle_{\mathbb{R}})$
$=$
$0 \leq k_{a}\leq\# N_{a}(1\leq a\leq s)\bigcup_{k_{1}+\cdots+k_{S}=k}F_{k_{1}}(u(\bigoplus_{i_{1}\in N_{1}}\langle w_{i_{1}}\rangle_{\mathbb{R}}))\cross\cdots\cross F_{k_{S}}(u(\bigoplus_{i_{S}\in N_{S}}\langle w_{i_{s}}\rangle_{\mathbb{R}}))$
$\subset$ $F_{k}(u\mathbb{R}^{n})$
$F_{k}(\mathbb{R}^{n})\cap F_{k}(u\mathbb{R}^{n})\supset$
$\bigcup_{k_{1}+\cdot\cdot+k_{8}=k,0\leq k_{a}\leq\# N_{a}(1\leq a\leq e)}F_{k_{1}}(\bigoplus_{i_{1}\in N_{1}}\langle v_{i_{1}}\rangle_{\mathbb{R}})\cross\cdots\cross F_{k_{s}}(\bigoplus_{i_{s}\in N_{s}}\langle v_{i_{s}}\rangle_{\mathbb{R}})$
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$\langle x_{1}, \ldots, x_{k}\rangle_{\mathbb{C}}=\langle uy_{1}, \ldots, uy_{k}\rangle_{\mathbb{C}}$
$x_{1},$ $\ldots,$





$[x_{1}, \ldots, x_{k}]A=[uy_{1}, \ldots, uy_{k}]$
$A$ 4.1 $\xi_{1},$ $\ldots,$ $\xi_{k}\in U(1)$
$B_{1},$ $B_{2}\in SO(k)$
$A=B_{1}\{\begin{array}{lll}\xi_{1} \ddots \xi_{k}\end{array}\}B_{2}^{-1}$
$[x_{1}, \ldots, x_{k}]B_{1}\{\begin{array}{lll}\xi_{1} \ddots \xi_{k}\end{array}\}B_{2}^{-1}=[uy_{1}, \ldots, uy_{k}]$
$B_{2}$
$[x_{1}, \ldots, x_{k}]B_{1}\{\begin{array}{lll}\xi_{1} \ddots \xi_{k}\end{array}\}=[uy_{1}, \ldots, uy_{k}]B_{2}.$







$[x_{1}’, \ldots, x_{k}’]\{\begin{array}{lll}\xi_{l} \ddots \xi_{k}\end{array}\}=[uy_{1}’, \ldots, uy_{k}’].$
$\xi_{i}x_{i}’=uy_{i}’ (1\leq i\leq k)$
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4.1 $i$ $1\leq a\leq s$






$x_{k}’)_{\mathbb{C}} \in\bigcup_{(1\leq a\leq s)}F_{k_{1}}k+\cdots+k_{S}--k0^{1}\leq k_{a}\leq\# N_{a}(\bigoplus_{i_{1}\in N_{1}}\langle v_{i_{1}}\rangle_{\mathbb{R}})\cross\cdots\cross F_{k_{s}}(\bigoplus_{i_{s}\in N_{s}}\langle v_{i_{s}}\rangle_{\mathbb{R}})$
$F_{k}( \mathbb{R}^{n})\cap F_{k}(u\mathbb{R}^{n})\subset\bigcup_{(1\leq a\leq s)}F_{k_{1}}k+\cdot+k_{S}=k0^{1}\leq k_{a}.\leq\# N_{a}(\bigoplus_{i_{1}\in N_{1}}\langle v_{i_{1}}\rangle_{\mathbb{R}})\cross\cdots\cross F_{k_{s}}(_{s}\bigoplus_{\in N_{s}}\langle v_{i_{S}}\rangle_{\mathbb{R}})$
$F_{k}( \mathbb{R}^{n})\cap F_{k}(u\mathbb{R}^{n})=\bigcup_{(1\leq a\leq s)}F_{k_{1}}k+\cdot+k_{S}--k0^{1}\leq k_{a}.\leq\# N_{a}(\bigoplus_{i_{1}\in N_{1}}(v_{i_{1}}\rangle_{\mathbb{R}})\cross\cdots\cross F_{k_{s}}(\bigoplus_{i_{s}\in N_{s}}\langle v_{i_{s}}\rangle_{\mathbb{R}})$
$F_{k}(\mathbb{R}^{n})$ $(u\mathbb{R}^{n})$
$F_{k}(\mathbb{R}^{n})$ $F_{k}(u\mathbb{R}^{n})$ $F_{k}(\mathbb{R}^{n})$
$F_{k}(u\mathbb{R}^{n})$ $1\leq a\leq s$ $\# N_{a}=1$
$i\neq j \Rightarrow z_{i}\neq\pm z_{j}$
$F_{k}(\mathbb{R}^{n})\cap F_{k}(u\mathbb{R}^{n})=\{\langle v_{i_{1}}, \ldots, v_{i_{k}}\rangle_{\mathbb{C}}|1\leq i_{1}<\cdots<i_{k}\leq n\}$
$(\mathbb{R}^{n})$ $F_{k}(u\mathbb{R}^{n})$ $(\mathbb{C}^{n})$
4.2
4.3. $u\in U(n)$ 4.1
$uw_{i}=z_{i}v_{i} (1\leq i\leq n)$
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$z_{i}\in U(1)(1\leq i\leq n)$ $\mathbb{R}^{n}$ $v_{1},$ $\ldots,$ $v_{n}$
$w_{1},$ $\ldots,$
$w_{n}$ $z_{i}=\pm z_{j}$ $i\sim i$
$\{$ 1, $\ldots,$ $n\}$
$\{1, \ldots, n\}=N_{1}\cup\cdots\cup N_{S}$
$F_{n_{1},\ldots,n_{r}}(\mathbb{C}^{n})$
$F_{n_{1},\ldots,n_{r}}(\mathbb{R}^{n})\cap F_{nn_{r}}1,\ldots,(u\mathbb{R}^{n})$
$=\{(V_{1}, \ldots, V_{r})\in F_{n,\ldots,n_{r}}1(\mathbb{C}^{n})|V_{i}\in F_{n1+\cdots+n}i(\mathbb{R}^{n})\cap F_{n1+\cdots+n_{i}}(u\mathbb{R}^{n})(1\leq i\leqr)\}$
$F_{nn_{r}}1,\ldots,(\mathbb{R}^{n})$ $F_{nn_{f}}1,\ldots,(u\mathbb{R}^{n})$
$i\neq j \Rightarrow z_{i}\neq\pm z_{j}$
$F_{n_{1},\ldots,n_{r}}(\mathbb{R}^{n})\cap F_{n_{1},\ldots,n_{r}}(u\mathbb{R}^{n})$
$=\{(\langle v_{i_{1}}, \ldots, v_{i_{n_{1}}}\rangle_{\mathbb{C}}, \langle v_{i_{1}}, \ldots, v_{i_{n_{1}+n_{2}}}\rangle_{\mathbb{C}}, \ldots, \langle v_{i_{1}}, \ldots, v_{i_{n_{1}+\cdots+n_{r}}}\rangle_{\mathbb{C}})$





$F_{n_{1},\ldots,n_{r}}(\mathbb{R}^{n})=\{(V_{1}, \ldots, V_{r})\in F_{n_{1},\ldots,n_{r}}(\mathbb{C}^{n})|V_{i}\in F_{n_{1}+\cdots+n_{i}}(\mathbb{R}^{n})(1\leq i\leq r)\}$
$F_{n_{1},\ldots,n_{r}}(u\mathbb{R}^{n})=\{(V_{1}, \ldots, V_{r})\in F_{n_{1},\ldots,n_{r}}(\mathbb{C}^{n})|V_{i}\in F_{n_{1}+\cdots+n_{i}}(u\mathbb{R}^{n})(1\leq i\leq r)\}$
$F_{n_{1},\ldots,n_{r}}(\mathbb{R}^{n})\cap F_{n,\ldots,n_{r}}1(u\mathbb{R}^{n})$
$=\{(V_{1}, \ldots, V_{r})\in F_{n_{1},\ldots,n_{f}}(\mathbb{C}^{n})|V_{i}\in F_{n_{1}+\cdots+n_{i}}(\mathbb{R}^{n})\cap F_{n1+\cdots+n_{i}}(u\mathbb{R}^{n})(1\leq i\leq r)\}$
$F_{n1+\cdots+n_{i}}(\mathbb{R}^{n})$ $F_{n_{1}+\cdots+n_{i}}(u\mathbb{R}^{n})$ $F_{n_{1}+\cdots+n_{i}}(\mathbb{C}^{n})$
$i\neq j$ $i,j$ $z_{i}\neq z_{j}$ $i$
$F_{n+\cdots+n_{i}}1(\mathbb{R}^{n})\cap F_{n_{1}+\cdots+n_{i}}(u\mathbb{R}^{n})$
$=\{\langle v_{i_{1}}, \ldots, v_{i_{n+\cdots+n_{i}}1}\rangle_{\mathbb{C}}|1\leqi_{1}<\cdots<i_{n_{1}+\cdots+n_{i}}\leq n\}$
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$F_{n_{1},\ldots,n_{r}}(\mathbb{R}^{n})\cap F_{n_{1},\ldots,n_{r}}(u\mathbb{R}^{n})$
$=\{(\langle v_{i_{1}}, \ldots, v_{i_{n_{1}}}\rangle_{\mathbb{C}}, \langle v_{i_{1}}, \ldots, v_{i_{n_{1}+n_{2}}}\rangle_{\mathbb{C}}, \ldots, \langle v_{i_{1}}, \ldots, v_{i_{n_{1}+\cdots+n_{r}}}\rangle_{\mathbb{C}})$









$F_{1}(\langle v_{1}, v_{2}\rangle_{\mathbb{R}})\cross F_{1}(\langle v_{3}\rangle_{\mathbb{R}})\cross F_{1}(\langle v_{n_{1}+1}\rangle_{\mathbb{R}})$ 1 $(\mathbb{R}^{n})\cap F_{n_{1}}(u\mathbb{R}^{n})$
$F_{1}(\langle v_{1}, v_{2}\rangle_{\mathbb{R}})\cross F_{1}(\langle v_{3}\rangle_{\mathbb{R}})\cross F_{1}(\langle v_{n_{1}+n2+1}\rangle_{\mathbb{R}})\subset F_{n_{1}+n_{2}}(\mathbb{R}^{n})\cap F_{n_{1}+n_{2}}(u\mathbb{R}^{n})$
$F_{1}(\langle v_{1}, v_{2}\rangle_{\mathbb{R}})\cross F_{1}(\langle v_{3}\rangle_{\mathbb{R}})\cross F_{1}(\langle v_{n_{1}+\cdots+n_{r}+1}\rangle_{\mathbb{R}})$ $F_{n_{1}+\cdots+n_{r}}(\mathbb{R}^{n})\cap F_{n_{1}+\cdots+n_{r}}(u\mathbb{R}^{n})$
$\{(\langle l, v_{3}, \ldots, v_{n_{1}+1}\rangle_{\mathbb{C}}, \langle l, v_{3},\ldots, v_{n_{1}+n_{2}+1}\rangle_{\mathbb{C}}, \ldots, \langle l, v_{3}, \ldots,v_{n+\cdots+n_{r}+1}1\rangle_{\mathbb{C}})$




$\#(F_{n_{1},\ldots,n_{r}}(\mathbb{R}^{n})\cap F_{n_{1},\ldots,n_{r}}(u\mathbb{R}^{n}))=\#_{k}(M_{\mathbb{C}})=\dim H^{*}(M_{\mathbb{C}}, \mathbb{Z}_{2})$
$=\#_{I}(M)=\dim H^{*}(M, \mathbb{Z}_{2})$
$= \frac{n.!}{n_{1}!n_{2}!\cdot\cdot n_{r+1}!}.$
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